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Abstract 

A Backlund transformation(BT) and a recurrence formula are de- 
rived by the homogeneous balance(HB) method. A initial problem 
of Burgers equations is reduced to a initial problem of heat equation 
by the BT, the initial problem of heat equation is resolved by the 
Fourier transformation method, substituting various solutions of the 
initial problem of the heat equation will yield solutions of the initial 
problem of the Burgers equations. 



1 Introduction 

The HB method is used to find solitary wave solutions and other kinds 
of exact solutions of nonlinear partial differential equations (PDEs)[^'^l, in 
this paper, the HB method is used first time with the help of the Fourier 
transformation method to solve some initial problems of Burgers equations 
which have been widely used in physical system. 

This paper falls into 3 parts. In section 2, by the HB method we ob- 
tain a general BT^'^ which shows both the connection between solutions of 
Burgers equations itself and connection between solutions of Burgers and 
heat equations, its special case is Cole-Hopf transformation and especially 
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through the BT a recurrence formula is generated for solutions of Burgers 
equations as 

UNx + VNx , 
UN+1 = \ \-UN-, 

njv + Vat 

UNy + VNy , 
VN+1 = — + VN- 

UN + VN 

A reasonable initial problem of the Burgers equations is put out and re- 
duced to a initial problem of the heat equation which is solved by Fourier 
transformation method in Sec.3. The solution of the initial problem of the 
heat equation with the aid of the Burgers yields the solution of the initial 
problem of the Burgers. 

2 Burgers Equations 

Ut = Uxx + Uyy + 2UUx + 2VUy, 

(1) 

Vt = Vxx + Vyy + 2UVx + 2VVy. 

This is the famous Burgers equations which have got much attention in 
recent years. In Ref. [7,8,9], high dimensional and high degree Burgers equa- 
tions are studied, and a pair of exact solution of Burgers equations(l) is 
obtained in Ref. [4]. In this section we will present some BTs of Burgers 
equations(l) through the HB method. 

According to the idea of HB method, we seek for its solution of the 
form: 

^ dx ^° + ^0' 

V = +vo = g {ip)(py + vo, 

here / = f{ip) and g = g{ip) which are functions of single variable, and 
ip = (p{x,y,t) are all to be determined later. (uq,vq) are a pair of solutions 
of (1). By (2), it is easy to deduce that 

ut = f'tPx^t + f'^xt + uot, 

Uxx = J 'Px+ fxfxx + J fxxx + Uoxx, 

'^yy = f'fx^l + 'if'^xyfy + f'^x^yy + f'fxyy + UQyy, 

2uUx = 2f'f"(pl + 2f''^ipx(Pxx + 2/'Vx^0 + 2/Vxj;W0 + ^f'PxUOx + 2uoUOx, 

2vuy = 2g'f"ipxipl + 2g'f'ipyipxy + 2f"ipxipyVo + 2f'ipxyVo + 2g'ipyUoy + 2vuoy, 

(3) 
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Ut = g"^yVt + g'^yt + Wot, 

III 2 , n II ,11 I / I 

Vxx = a fyfx + ^5 fxfxy + 9 fyfxx + 9 fyxx + VQxx, 

III 3 , o II I I I 

'^yy =9 fy + '39 ^yfyy + 9 ^yyy + VOyy, 

2uvy = 2f'g"(fl(fy + 2f'g'(fx(fxy + 2g"(fa:(pyUo + 2g'ipxyUo + + 2uqVqx, 

2VVy = 2g'g"(Py + 2g''^iPy(Pyy + 2g"iPyVQ + 2g'iPyyVQ + 2g'(PyV0y + 2VQVQy, 

(4) 

substituting (3) and (4) into (1), first setting the coefficients of (p^ and ipy 
to zero, we obtain ODEs 

+ 2/7" = 0, 
+ 2g'g" = 0, 

which have solutions f = g = Imp, thereby it holds that 

+ 2g'f = 0, /' + 2f'g" = 0, 
r + r = 0, g" + g" = 0, 
by using (3)-(6), we obtain the expressions: 

= f'i'PxVt - VxVxx - fxfyy " 2ip^ipyVo - 2(fluo) 
+ f'i^xt - y^xxx - ^xyy - 2ipxxUo - 2ipxUox - 2ipxyV0 

vt - Vxx - Vyy - 2uvx - 2vvy 

= f"{VyVt - Vy^yy - VyVxx - 2ip^ipyUo - 2iplvo) (8) 
+ f'ifyt — fyxx — fyyy — 2(pxyUo — 2(pxVox — 2ipyVQy — 2(pyyVo), 

It is easy to see that (2) are solutions of (1), provide that the right hand 
sides of (7) and (8) to be zero, hence set 

'Pt - fxx - Vyy - 2(pxUo - 2(pyVo = 0, (9) 
fxt - fxxx - fxyy " '^fxxUO " 2ipxUox " 2ipxyVo - 2ipyUoy = 0, (10) 
<Pyt — fyxx — fyyy — 2ipyyVQ — 2ipyVQy — 2(fxyUQ — 2(pxVQx = 0, (11) 

then the right hand sides of (7) and (8) respectively vanish. In fact (10) and 
(11) can be reduced into 

{ft - fxx - fyy - 2(fxU0 - 2(fyVo)x + 2(fyV0x - 2(fyUQy = 0, (12) 

{ft - fxx - fyy - 2(pxUo - 2(pyVo)y + 2(pxUoy - 2'PxVOx = 0, (13) 



(6) 



(7) 

"^fyUOy), 
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thereby, (9)-(ll) equal that 

(/Ct - 'Pxx - (fiyy - 2(pxUo - 2(pyVQ = 0, 

n ^^^^ 

uoy - Vox = 0, 

here ip'^ + ^ 0. Substituting f = g = Imp into(2), we obtain BT of 
Burgers equations (1) 

u = — + uo, (15) 
v='^ + vo, (16) 

- fxx - Vyy - 2(/Pa;^iO - '^'PyVQ, (17) 
UOy - Vox = 0, (18) 

namely, (no, fg) is a pair of solutions of Burgers equations(l), and UQy — Vox 

therefore (2) is another pair of solutions of (1) only if (/? = ip{x,y,t) satisfies 

linear equation(9). Now set (p = uq + vo, (9) is automatically satisfied, 

additionally, if uoy = vqx exists in the first pair of solutions {uo,vo), the new 

solutions (m, v) according to the BT have to satisfy Uy = Vx, the circular use 

of this BT yields the recurrence formula of Burgers equations (1) as 

UNx + VNx , 
un+1 = ; \-UN, 

UN + VN ^19^ 

UNy + VNy , ^ ' 

VN+1 = — + VN- 

UN + VN 

Here = 0, 1, 2, • • •, with vox = uoy. 

In addition, if we take initial solution of Burgers equations (1) as uq = 
Vo = (the trivial solutions of Burgers equations (1)), BT (15)-(18) respec- 
tively reduce to 

V'x Vy 
U= , t; = — , 

^ V (20) 

- Vxx — Vyy = 0, 

which is usually called Cole-Hopf transformation. 

3 Fourier Transformation 

Provided the initial value problem of Burgers equations in what follows 

Ut = Uxx + Uyy + "^UUx + 2vUy, (21) 
Vt=Vxx+Vyy + 2UVx+2VVy, (22) 

u\t=to = s{x,y), v\t=to = k{x,y) (23) 
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where s{x, y), k{x, y) —>■ when |a:;|, \y\ 0. 

By using the former result, we can take its solution to be as 

u = \-uo, v= — +vo, (24) 

(p if 

here {uq,vq) are constant solutions of(21)-(22) and if satisfies 

- ^xx - (Pyy - 2uo</^x - '^.VQlfiy = (25) 

then (21)-(23) can be rewritten into the initial value problem of the following 
form 

<Pt - <Pxx ~ ^yy - '2.UQipx - IVQify = 0, 

(26) 

(p\t=to = f{x,y), 



which 



f(x, y) = e^-'o ^i(^'2^o)d^+/Jo (27) 



{x{),yo) are arbitrary constants, si{x,y) = s{x,y)—uo,ki{x,y) = k{x,y)—vo. 
Then if uo,vo are arbitrary constant solutions of equations (1), by using of 
Fourier transformation, we obtain solutions of (26)-(27). 

Now introduce the Fourier transformation simply. If /(x, y, t) is a func- 
tion, f{ci,C2,t) is used to denote its Fourier transformation as follow: 

1 f'OO roc 

f{ci,C2,t) = F[f{x,y,t)] = — / f{x,y,t)e-'''--'''ydxdy (28) 
and 

-1 /•oo poo 

f{x,y,t) = F-^[fici,C2,t)] = — / /(ci,C2,0e'^^"+''^^^dcidc2 (29) 

■^'^ J —oo J —oo 

we'd like show its several properties which are used here: 

I F[af + by] = aF[f] + bF[g] 

II F[^^] = (iCi)™(iC2)"F[/] 

III F[fix -a,y-b, t)] = e-'^^^-'^^^F[fix, y, t)] 

IV F[/(ax,6y,t)] = J^/(f,f,t) 

V if if*g)ix,y,t) = J^^ J^^ f{x - zi,y - Z2,t)g(zi, Z2,t)dzidz2, then 
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here, a and h are arbitrary constants, m and n are arbitrary integers. In 
order to deal with the problem (26), the Fourier transformation is done for 
them, it is reduced to a order differential problem as following: 

d^ 2^ 2^ ^ ^ 

— + Ci<y9 + C2V? - 2lUoCiip - 2voC2(p = 0, ^^^^ 

(p\t=to = fix,y), 
which admits solutions as 

^(Ci, C2, t) = /(ci, C2, t)e-(^l+'=2-2i«OCi-2i^oC2)(t-to) (31) 

set g = e-(4+4-'^^^oci-2ivoc2){t-to) g^^i^ ^i^at 

g{x,y,t) = F-^[g{cuC2,t)] = ^^^^^e ^i*-*o) (32) 
so the solution of (26) is gained 

^{x,y,t) = F-^fg] = ^^^^^^ y ^eC^^(^-^o)d^^+^V=^(^--^^)d^^ 

(zi-2iu„f + (z2-2iv„f 

e ^dzidz2, (33) 

hence u = ^ + uq , v = ^ + vq which are solutions of (21)-(23) also can 
be got, detail discussion does not present here. 
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